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Motif 1 10 Langlands
Isobaric $GL_{n}$ Isob
“Isob $\mathcal{G}_{Is\circ b}$ Motif $\mathcal{G}_{M}$ $t$
$\mathcal{G}_{Isob}arrow \mathcal{G}_{Mot}$ ”
( $\mathcal{G}_{Is}$ $b,$ $\mathcal{G}_{M}$ $t$ , ”Motif ”
) Isob Motif ” ”
(c.f. [5, p. 211], [3, p.189]) Clozel Isobaric
Algebraic
$Alg$ $Alg$ ” $\overline{Q}$ ” ”Motif ”
$0$
$G_{n}=GL_{n}$
$P=P(n_{1}, \cdots n_{r})\subset G_{n}$ : standard parabolic subgroup with Levi part $\prod_{i}G_{n}$ .
1. Langlands subquotient.
$L$ : local field
$\sigma_{i}$ : $G_{n_{i}}(L)$ 2 (modulo the center)
$\exists_{s_{i}}\in R:|\sigma_{i}(z)|=|z|_{L^{i}}^{s}$ , $\forall_{Z}\in the$ center of $G_{n},$ $(L)\cong L^{*}$
$\sigma=\sigma_{1}\otimes\cdots\otimes\sigma_{r}$ : $P(L)$ (unipotent radical } trivial)
$\rho(\sigma)=\rho(\sigma_{1}, \cdots\sigma_{r})=Ind_{P(L)}^{G_{n}(L)}\sigma$ :
Langlands subquotient
$\exists_{1}J(\sigma_{1}, \cdots\sigma_{r}):\rho(\sigma_{1}, \cdots \sigma_{r})$ irr. subquotient
(1.1) $J(\sigma_{1}, --, \sigma_{r})\cong J(\sigma_{\tau(1)}, \cdots\sigma_{\tau(r)}),$ ( $\forall\tau\in S_{r}$ : permutations)
(1.2) $s_{\tau(1)}\geq s_{\tau(2)}\geq\cdots\geq s_{\tau(r)}\Rightarrow J(\sigma_{\tau(1)}, \cdots\sigma_{\tau(r)})lh\rho(\sigma_{\tau(1)}, \cdots\sigma_{\tau(r)})$ unique irr.
quotient




$\sigma_{i}$ : $G_{n}:(A)$ CD cuspidal rep.
727 1990 174-183
$\sigma=\sigma_{1}\otimes\cdots\otimes\sigma_{r}$ : $P(A)$ (unipotent radical trivial)
$\rho(\sigma)=\rho(\sigma_{1}, \cdots\sigma_{r})=Ind_{P(A)}^{G_{\mathfrak{n}}(A)}\sigma=\otimes_{v}\rho(\sigma_{v})$ ( )
(2.1) $\pi$ : $G_{n}(A)$ irr. automorphic rep. $\Leftrightarrow\pi lh\exists_{\rho(\sigma)}$ irr. subquotient
$\sigma_{i}=\otimes\sigma_{i,v}$ : cuspidal rep. $\Rightarrow\sigma_{i,v}$ : generic
$\Rightarrow\sigma_{i,v}=Ind_{P_{i}(F_{v})}^{G_{n_{i}}(F_{v})}\tau_{i,v}$ $\exists_{P_{i}}\subset G_{n_{i}},$ $\exists_{\tau_{i,v}}$ : square int.
$\tau_{i,v}=\tau_{i^{1},v}\otimes\cdots\otimes\tau_{i^{r:}v}$
$\rho(\sigma_{v})=\rho(\sigma_{1,v}, \cdots\sigma_{r,v})=\rho(\tau_{1^{1},v)}\cdots\tau_{1^{r_{1}}.v}, \tau_{2^{1},v}, \cdots\tau_{2,v}^{r_{2}}, \cdots\tau_{r^{1},v}, \cdots\tau_{r,v}^{r_{r}})$
$\rho(\sigma_{v})$ Langlands subquotient $J(\sigma_{v})$
Definition
$\sigma=\sigma_{1}\otimes\cdots\otimes\sigma_{r}$ : $\prod_{i}G_{n_{i}}(A)$ cuspidal rep. $\pi$ : irr. subquotient of $\rho(\sigma)$ s.t.
$\pi_{v}\cong J(\sigma_{v})$ for all $v$ $G_{n}(A)$ irr. automorphic rep $\pi$
isobaric $\pi=\sigma_{1}+\cdots+\sigma_{r}$






$\pi\in Isob(n)$ $\pi_{v}$ pq\ $t_{\pi,v}$ $\pi_{v}$
$LG_{n}^{0}=G_{n}(C)$
$\frac{ConjectureA}{\pi^{1}\in Isob(a)}\pi^{2}\in Isob(b)$




3. Algebraic automorphic representations
$F$
$H_{n}\subset G_{n}$ : diagonal matrices
$LH_{n}^{0}$ : complex diagonal matrices
$X^{*}(H_{n})=Hom(H_{n}, G_{1})=X_{*}(H_{n})=Hom(G_{1}, LH_{n}^{0})\cong Z^{n}$
$\prime H=X_{*}(H_{n})\otimes C=Hom(Lie(H_{n})_{C}, C)\cong C^{n}$
$\mu=(\mu_{1}, \cdots\mu_{n})\in?t,$ $z\in C^{*}$
$z^{\mu}=diag(z^{\mu_{1}},$ $\cdot$ . . $z^{\mu_{n}})\in^{L}H_{n}^{0}$
$r\in Hom(C^{*L}H_{n}^{0})$
$r(z)=z^{\mu}\overline{z}^{\nu}$ $\mu,$ $\nu\in?t$ , $\mu-\nu\in X^{*}(H_{n})$
HHarish-Chandra isomorphism: $Z(\mathcal{G})\cong \mathcal{U}(Lie(H_{n})_{C})^{S_{n}}$
$Hom(Z(\mathcal{G}), C)arrow^{\simeq}\prime tt/S_{n}$
$\chi_{\lambda}$ $arrow$ $\lambda$
$W_{R}=C^{*}\cross\{c\}$ : Weil group of $R,$ $c^{2}=-1,$ $czc^{-1}=\overline{z}$
$\Phi_{n}(W_{R})$ : semisimple admissible rep. $W_{R}arrow LG_{n}^{0}$
$Irr(G_{n}(R)):G_{n}(R)$ irr. admissible rep.
$Irr(G_{n}(R))$ $\Phi_{n}(W_{R})$
$\pi$ $r$
$\chi_{\pi}=\chi_{\mu}$ $r(z)=z^{\mu}\overline{z}^{\nu}$ $(z\in C^{*})$
o ( $\chi_{\pi}$ $\pi$ infinitesimal character).
$p( \pi)=\mu-(\frac{n-1}{2}\frac{n-1}{2}, \cdots \frac{n-1}{2})=(\mu_{1}-\frac{n-1}{2}, \mu_{2}-\frac{n-1}{2}, \cdots\mu_{n}-\frac{n-1}{2})\in\prime H/S_{n}$
Definition
$I$ : set of all real places of $F$
$\pi=\otimes\pi_{v}\in Isob(n)$
$\pi$ : algebraic $\Leftrightarrow^{def}$ $p(\pi_{v})\in X^{*}(H_{n})/S_{n}$ $(^{\forall}v\in I)$







$\pi\in Isob(n)$ d) (}: t* $\pi|\cdot|^{s}$ : $g\mapsto\pi(g)|g|^{s}$
$\pi^{1}\in Alg(a),$ $\pi^{2}\in Alg(b)$
$\pi^{1}+\pi^{2}=T(\pi^{1}|\cdot|^{\frac{1-a}{2}}+\pi^{2}|$ . $|^{\frac{1-b}{2})|\cdot|} \frac{a+b-1}{2}\in Alg(a+b)$
Conjecture A
$\pi^{1_{X\pi^{2}=}^{T}}(\pi^{1}|\cdot|^{\frac{1-a}{2}}\cross\pi^{2}|\cdot|^{\frac{1-b}{2})}|\cdot|^{\frac{ab-1}{2}}\in Alg(ab)$
(3.1) $\forall_{T}\in Alg(n)$ $\exists_{T}i\in Alg^{0}(n_{i})$ ; $\pi\cong\pi^{1}+T\pi^{2}+T\ldots+T\pi^{r}$
Examples
(1) $n=1$
$\pi=\otimes\pi_{v}$ : $G_{1}(A)arrow C^{*}$ : Gr\"ossencharakter
$\pi_{v} r_{v}\in\Phi_{1}(W_{R})$ , $(v\in I)$
$S=(W_{R} : W_{R})=\{z\in C||z|=1\}$ : derived group of $W_{R}$
$1arrow$ $C^{*}$ $arrow$ $W_{R}$ $arrow Ga1(C/R)arrow 1$
$\downarrow$ $\Vert$




$\pi\in Alg(1)\Leftrightarrow\mu_{v}\in Z,$ $(v\in I)\Leftrightarrow\pi$ : algebraic Hecke character
(2) $n=2$ , $F=Q$
$G_{2}(R)$ irr. admissible rep. $SL_{2}(R)$
$\alpha=|\cdot|_{R}$
$\pi(\xi_{1}, \xi_{2})=J(\xi_{1}, \xi_{2})$ , $\xi_{i}=\alpha^{s_{i}}sgn^{\epsilon_{i}}$ $(s_{i}\in C, \epsilon_{i}\in Z)$ : Langlands subquotient
$\sigma(\xi_{1}, \xi_{2})=\rho(\xi_{1}, \xi_{2})/\pi(\xi_{1}, \xi_{2})$ if $|s_{1}|\leq|s_{2}|$
principal series : $\pi(\xi_{1}, \xi_{2})$ $\{s_{1}-s_{2}s_{1}-s^{2}\in\sqrt{-1}R\in\sqrt{-1}R-\{0\}$ $\epsilon_{1}\epsilon_{1}\neq\epsilon_{2}^{2}=\epsilon$
complementary series : $\pi(\xi_{1}, \xi_{2})$ $s_{1}-s_{2}\in(-1,1)-\{0\}$ $\epsilon_{1}=\epsilon_{2}$
limit of discrete series : $\pi(\xi_{1}, \xi_{2})$ $s_{1}-s_{2}=0$ $\epsilon_{1}\neq\epsilon_{2}$
trivial rep. : $\pi(\xi_{1}, \xi_{2})$ $s_{1}-s_{2}=1$ $\epsilon_{1}=\epsilon_{2}$
discrete series : $\sigma(\xi_{1}, \xi_{2})$ $0>s_{1}-s_{2}\in Z$ $\epsilon_{1}+\epsilon_{2}\equiv s_{1}-s_{2}-1(mod 2)$
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$\pi$ : irr automorphic rep. of $G_{2}(A)$
$\pi_{\infty}$ : infinity component of $\pi$ $p(\pi)=(s_{1}-$
$1/2,$ $s_{2}-1/2$ )
$\pi\in Alg(2)\Leftrightarrow p(\pi)\in Z^{2}\Rightarrow s_{1}-s_{2}\in Z$
$\pi_{\infty}$
(1) $\pi(\alpha^{s}, \alpha^{s})$ $s \in\frac{1}{2}+Z$ weight $0$
(2) $\pi(\alpha^{s}, \alpha^{s}sgn)$ $s \in\frac{1}{2}+Z$ weight 1
(3) $\sigma(\alpha^{s}, \alpha^{s+k}sgn^{k+1})$ $1\leq k\in Z,$ $s \in\frac{1}{2}+Z$ weight $k+1$
(4) $\alpha^{s}\circ\det$ $s\in 2Z$
4. The field of rationality of an automorphic representation
$G$ : totally disconnected topological group
$(\pi, V)$ : smooth representation of $G$ over $C$
$\sigma\in Aut(C)$ $(^{\sigma_{T}\sigma}V)$ :smooth rep. of $G$ $\sigma_{V=V\otimes_{C,\sigma^{-1}}}C,$ $\sigma\pi(g)(v\otimes z)=$
$(\pi(g)v)\otimes z$ $Q(\pi)$ $C$ $\{\sigma|\sigma\pi\cong\pi\}$
$G=G_{n}(A_{f})$ or $G_{n}(F_{v})$ ( $v$ :finite place)
$\pi=\otimes\pi_{v}$ : irr. admissible rep. of $G_{n}(A)$
$\pi_{f}=\otimes_{v:finite}\pi_{v}$ : irr. smooth rep. of $G_{n}(A_{f})$
$E=Q(\pi)=Q(\pi_{f})$ the field of rationality of $\pi_{f}$
(4.1) $\exists_{V_{E}}\subset V$ : $G_{n}(A_{f})$-invariant subspace over $E$ such that $V=V_{E}\otimes_{E}C$
(4.2) $V_{E}$ is unique up to complex homotheties
(4.3) $Q(\pi)=\prod_{v:finite}Q(\pi_{v})$
$L$ :p-adic-a i field
$\chi=(\chi_{1}, \cdots\chi_{n})$ : unramffied character of $H_{n}(L)$
$\pi^{T}(\chi)=J(\chi_{1}|\cdot|^{\frac{n-1}{2}}, \cdots\chi_{n}|\cdot|^{\frac{n-1}{2}})$ : Langlands subquotient
$t_{\chi}=(\chi_{1}(\varpi_{L}), \cdots\chi_{n}(\varpi_{L}))\in LH_{n}^{0}$
(4.4) $\sigma(\pi^{T}(\chi))\cong\pi^{T}(\sigma\chi)$ for any $\sigma\in Aut(C)$
(4.5) $Q(\pi^{T}(\chi))=C$ $\{\sigma|\sigma(t_{\chi})\in S_{n}t_{\chi}\}$
$\pi=\pi^{T}(\chi)$ $t_{\pi}^{T}=q^{\frac{1-n}{L2}}t_{\chi}\in LH_{n}^{0}/S_{n}$
Euler factor
$\pi$ : irr. admissible rep. of $G_{n}(L)$
5
$L(\pi, s)$ : (Godement- Jacquet type) Euler factor of $\pi$ , i.e.
P.G.C.D. $\{\int_{G_{n}(L)}\Phi(g)f(g)|\det g|^{s+\frac{n-1}{2}d^{x}g}|\Phi\in Schwartzspacef.\cdot coefficientof\pi$ of $M_{n}(L)\}$
(4.6) $L( \pi, s+\frac{1-n}{2})=P(q_{L}^{-s})^{-1},$ $(P\in C[X], P(0)=1)$ $L( \sigma\pi, s+\frac{1-n}{2})=$
$\sigma_{P(q_{L}^{-s})^{-1}}$ $\forall_{\sigma}\in Aut(C)$ . $(^{\sigma}P$ ( $P$ $\sigma$ )
Infinite type Aut(C)
$\pi\in Alg(n)$
$p(\pi)=p=(p_{\iota})_{\iota\in I}\in(Z^{n}/S_{n})^{I}$ : infinite type of $\pi$




(2) $\forall_{\sigma}\in Aut(C)$ , $\exists\sigma_{T}\in Alg(n)$ s.t. $(^{\sigma}\pi)_{f}=\sigma_{T_{f}}$ and $p(\sigma\pi)=\sigma p(\pi)$
” $+T$ Aut(C) compatibility (3.1) $\pi\in Alg^{0}$
$\pi\in Alg$




$\pi$ : irr automorphic rep of $G_{n}(A)$
$\exists_{E}$ : s.t. $t_{\pi,v}^{T}\in(^{L}H_{n}^{0}/S_{n})(E)$ for almost all $v\Rightarrow\pi\in Alg(n)$




$p(\pi)=(p_{\iota})_{\iota\in I}=((p_{\iota,1}, \cdots p_{\iota,n}))_{\iota\in I}$ :infinite type of $\pi$
$\pi$ : regular es $\forall_{l}\in I,$ $p_{\iota,i}\neq p_{\iota,j}$ if $i\neq j$
6
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( : $\pi\in Alg(2)$ : $regular\Rightarrow\pi_{\infty}\cong\sigma(\alpha^{s},$ $\alpha^{s+k}sgn^{k+1})$ or $\alpha^{s}o\det$ )
Theorem(Clozel)
$\pi\in Alg^{0}(n)$ : $regular\Rightarrow\pi$ Conjecture $B$
6.
$F=Q,$ $n=2m$
$A=connected$ component of the center of $G_{n}(R)$
$A=Lie(A)_{C}$
$\mathcal{G}=Lie(G_{n}(R))_{C}=\mathcal{G}^{1}\oplus A$ : Langlands decomposition
$K_{\infty}=O_{n}(R)$ : maximal compact subgroup of $G_{n}(R)$
$K\subset G_{n}(A_{f})$ : open compact subgroup
$S_{K}=G(Q)\backslash G(A)/K_{\infty}K$ , $\tilde{S}=\lim_{arrow}S_{K}$
$S_{K}^{1}=AG(Q)\backslash G(A)/K_{\infty}K$
$\pi\in Alg^{0}(n)$ : regular
$p(\pi)=(p_{1}, \cdots p_{n})$ :infinite type of $\pi$ ($p_{1}>p_{2}>$ $>p_{n}$ )
$(\overline{\tau}, \overline{V})$ : rational representation of $G_{n}$ of highest weight $(p_{1},p_{2}+1, \cdots p_{n}+(n-1))$
( $\overline{\tau}$ $\pi$ infinitesimal character $A=\pi|_{A}$ )
$(\tau, V)$ : contragredient representation of $(\overline{\tau}, \overline{V})$
$\mathcal{V}$ : local system on $S_{K}$ (or $S_{K}^{1}$ ) defined by $V$
$V$








$H_{cusp}(S_{K}^{1}, \mathcal{V})$ $c_{-\rangle}H_{!}^{\cdot}(S$ $, \mathcal{V})^{e}-\succ$ $arrow H_{(2)}(S_{K}^{1}, \mathcal{V})$
$||$ $\Vert$
(6.2) $\oplus_{\xi}H(\mathcal{G}^{1}, K_{\infty} ; \xi_{\infty}\otimes V)\otimes\xi_{f}^{K}$ $\oplus_{\xi}H$‘ $(\mathcal{G}^{1}, K_{\infty} ; \xi_{\infty}\otimes V)\otimes\xi_{f}^{K}$
$(\begin{array}{l}\xi\subset L_{cusp}^{2}(G_{n}(Q)\backslash G_{n}(A))\xi|_{A}=\overline{\tau}|_{A}\end{array})$ $(^{\xi.\subset L_{disc}^{2}(G_{n}()\backslash G_{n}(A))}\xi|_{A}=^{\frac{Q}{\tau}}|_{A})$
$H_{B}(S_{K}, \mathcal{V}_{Q})$ : Betti cohomology with coefficients in the Q-vector space $V_{Q}$
$H(S_{K}, \mathcal{V})\cong H^{\cdot}(\mathcal{G}, K_{\infty} ; C^{\infty}(S_{K})\otimes V)$
7
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$H_{cusp}(S_{K}, \mathcal{V})={\rm Im}(H^{\cdot}(\mathcal{G}, K_{\infty} ; C^{\infty}(S_{K})\cap L_{cusp}^{2}(S_{K})\otimes V)arrow H(\mathcal{G}, K_{\infty} ; C^{\infty}(S_{K})\otimes V))$
$H_{!}(S_{K}, \mathcal{V})={\rm Im}(H_{c}^{\cdot}(S_{K}, \mathcal{V})arrow H^{\cdot}(S_{K}, \mathcal{V}))$
$arrow$
$H_{(2)}(S_{K}^{1}, \mathcal{V})=\{\phi\in\Omega_{(2)}^{i}(S_{K}^{1}, V) ; d\phi=0\}/d\Omega_{(2)}^{i-1}(S_{K}^{1}, V)$
$\Omega_{(2)}^{i}(S_{K}^{1}, V)=$ { $\phi$ ; V-valued i-form on $S_{Ii’}^{1}$ s.t. $\phi$ and $d\phi$ are square integrable}
$H^{\cdot}( \tilde{S}, \mathcal{V})=\lim_{arrow}H^{\cdot}(S_{K}, \mathcal{V}),$ $\cdots$ e.t.c. ( $S_{K}^{1}$ )
$\pi$ regularity
(6.3) $H^{i}(\mathcal{G}^{1}, K_{\infty} ; \pi_{\infty}\otimes V)\cong\wedge^{i-m^{2}}C^{m-1}$
$\pi_{f},$
$\pi_{f}^{K}$
$H(\tilde{S}, \mathcal{V}),$ $H^{\cdot}(S_{K}^{1}, \mathcal{V})$ (6.1)
$Q(\pi)$
(6.4) If $W$ is a $G(A_{f})$-irreducible subquotient of $H(\tilde{S}, \mathcal{V})$ , then there exists a finite ex-
tension $E$ of $Q$ such that $W$ is defined over $E$
$\sigma\in$ Aut(C) Conjecture $B(2)$ $\sigma\pi\in Alg^{0}(n)$
$K$ $\pi^{K}\neq\{0\}$ $H \int(S_{K}^{1}, \mathcal{V})$ $Q$ $\sigma$
$\sigma_{T_{f}}K$ $H_{!}(S_{K}^{1}, \mathcal{V})$ (6.2) $\overline{H_{(2)}}(S_{K}^{1}, \mathcal{V})$
$\xi\subset L_{disc}^{2}(G(Q)\backslash G(A))$ $\xi_{f}^{K}=\sigma_{T_{f}}K$ $\sigma\pi$
$H^{*}(\mathcal{G}^{1}, K_{\infty}; \xi_{\infty}\otimes V)\neq 0$ $\sigma\pi_{f}=\xi_{f},$ $p(\pi)=p(\xi)$
$\xi$ cuspidal
7. l-
$F$ $Alg,$ $Alg(n),$ $\cdots$ $Alg(F),$ $Alg(n, F),$ $\cdots$
$MF$
smooth projective variety ( )
object ( ) conjectual $\mathcal{M}(F)$
Algebraic weight
$\pi\in Alg(n, F)$
$\pi_{\iota} r_{\iota}\in\Phi_{n}(W_{R}),$ $(\iota\in I)$
$r_{\iota}(z)=z^{\mu_{\iota}}\overline{z}^{\nu_{\iota}},$ $(z\in C, \mu_{\iota}, \nu_{\iota}\in?t)$
$\exists_{\omega}\in Z$ s.t. $\mu_{\iota}+\nu_{\iota}=(\omega+n-1, \cdots\omega+n-1)$ for all $\iota\in I$
$\pi$ pure weight $\omega$




Conjecture $B$ motif algebraic
$\frac{ConjectureD}{\pi\in Alg^{0}(n,F)}$
$\omega$ : weight of $\pi$
$E\subset\overline{Q}$ : field of definition of $\pi$
$\exists_{E’}$ : finite extension of $E$
$\exists_{j}\psi[\in \mathcal{M}(F)$ : irreducible motif of degree $n$ and weight $\omega$ with coefficients in $E’$ s.t.
$L( \pi_{v}, s+\frac{1-n}{2})=L_{v}(M, s)$ for all finite place $v$ of $F$
$L_{v}(M, s)=\det((1-\mathcal{F}_{v}q_{v}^{-s})|_{H_{\lambda}(M)^{I_{v}}})^{-1}$
$H_{\lambda}(M)$ : A-adic realization of $M$
$I_{v}\subset Ga1(\overline{F_{v}}/F_{v})$ : inertia group
$\mathcal{F}_{v}$ : Frobenius element of $v$
Conjecture $D$ algebraic p-
Theorem(Clozel)
$\pi\in Alg^{0}(n, Q)$ :regular ‘D $\pi\cong\tilde{\pi}$
4 $\int n$ $\Rightarrow$ $\exists_{p_{0}}=p_{1}$ s.t. $\pi_{p0}$ is square integrable
4 $|n$ $\Rightarrow$ $\exists_{p_{0}}\neq p_{1}$ s.t.. $\pi_{p0}$ and $\pi_{P1}$ are square integrable
$F$ : imaginary quadratic field in which $p_{0}$ and $p_{1}$ split




$\exists(W_{\lambda}, r_{\lambda})$ : compatible system of $\lambda$-adic representations of $Ga1(\overline{F}/F)$ s.t.
if $p\not\in S$ and $\lambda\int p$ ,
$trace(r_{\lambda}(\mathcal{F}_{v}^{m}))=a(\pi)trace((t_{\pi_{F,v}}^{T})^{m}q_{v}^{m(n-1)})$




$\pi_{F}$ division algebra $\mathcal{T}p$ $Q$
$\tau$ base change lift
$\tau$ Kottwitz ( ) $l$
Remark. $Q$
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